Integration by
Parts

he integral of the product of two things is unfortunately not the product of the integrals. For
example, the integral J x+cos(x)dx is not %xzsin(x) + ¢.We know this because the derivative

of %xzsin(x) + ¢ is, by the Product Rule, %(%xzsin(x) + c) = 2x-sin(x) + cos(x) -%xz,

which is not equal to x- cos(x). It is unfortunate that this does not work because, if it did, evaluating inte-
grals would be simple and would not require so many different techniques.

The integration technique that undoes the Product Rule is called integration by parts. The derivative of
u+ v, using the Product Rule, can be expressed as du-v + dv:u or udv + vdu.The corresponding inte-
gral is:

J(udv + vdu) = uv

This can be broken up into J udv + Jvdu = uv and written as:

Integration by Parts Formula: f udv = uv — Jvdu




‘ LIPET Mnemonic ; ’

A good mnemonic for guessing what to use as v is “LIPET.” That is, letu be a Logarithm if there is one.
If not, let u be the Inverse of a trigonometric function (not covered in this book). If there isn't ejthet of
these, then letu be a Polynomial,v and if there is none, let it be an Expoﬁén‘tial function. Only as the very
last resort, should you let i be a Trigonometric function.

This can often be used to transform a difficult
integral into one that is solvable. For example, take

I x - cos(x)dx . This looks just like Judv if u=x
and dv = cos(x)dx. In order to use the formula, we

will need to get du by differentiating u. Because
du

u = x, we know that T 1,s0 du = dx.We will
also need to get v from dv by integrating. And because

dv = cos(x)dx, it must be that v = sin(x) . Thus:
Jx-cos(x)dx = Judv
fx-cos(x)dx= uv — Jvdu

Jx-cos(x)dx = xsin(x) — [sin(x)dx

J x+cos(x)dx = xsin(x) + cos(x) + ¢

This is the correct answer, as can be verified by taking

the derivative %(xsin(x) + cos(x) + ¢)= 1-sin(x)

+ cos(x)+x — sin(x) + 0 = x-cos(x).

Example

Evaluate J xe*dx .

Solution

This cannot be solved by basic integration or by sub-
stitution, so we try integration by parts. No logarithms
or inverse trigonometric functions are found here, but
there is the polynomial x, so we try u = x. The dv
must then be everything else after the integral sign, so
dv = €*dx. After differentiating u and integrating dv,
we get:

u=x

du = dx

And:

dv = &dx

v=¢€

Thus, using the integration by parts formula

J udv = uv — Jvdu, we evaluate as follows:




Example

Evaluate J £In(x)dx.

Solution

Here, we have a logarithm, so we set # = In(x) and
dv = X’ dx. Thus:

u = In(x)

du = —dx
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And:

dv = Xdx
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And then we evaluate.

Xln(x)dx = J udy

= In(x) A [%x“ Loy
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Rin(x)dx = 3In(x) - ﬁx*dx

Jfln(x)dx = —xIn(x) — —x + ¢

This can even solve the following problem that was
mentioned in Lesson 18.

Example

Evaluate J In(x) dx.

INTEGRATION BY PARTS

Solution

Because there seems to be only one part to this inte-
gral, one wouldn’t think to try integration by parts
first. However, because nothing else will work, we can
try u = In(x). The only thing left for the dv is dx, so
we use dv = dx, which leads to v = x.

u = In(x)

And now evaluate as follows.

Judv
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[
[
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[ln(x)dx = Adn(x) — x+ ¢

Sometimes, integration by parts needs to be done
more than once to solve a problem.

Example

Evaluate chos(x) dx




Solution

Here, u = x%,50 du = 2xdx,and dv = cos(x)dx,so
v = sin(x).

[ty = [ua
[ty = [

[y = i) - s 2
[ty = ) - [y

In order to solve this I 2xsin(x) dx , we have to

use integration by parts a second time, but this time,
with u = 2x and dv = sin(x)dx.

u=2x

du = 2dx
And:

dv = sin(x)dx
v = —cos(x)

Now we evaluate as follows.

J Keos(x)dx = sin(x) — Jszin(x)dx
j »cos(x)dx = *sin(x) — J udy

chos(x)dx = sin(x) — (uv — Ivdu)

INTEGRATION BY PARTS

J eos(x) dx =

#sin(x) — (2x+ (—cos(x)) — J(—cos(x))-de)

szcos(x)dx =

*sin(x) + 2xcos(x) + J —2cos(x) dx

szcos(x) dx =

»sin(x) + 2xcos(x) — 2sin(x) + ¢

The final example utilizes a clever trick that few
people have ever figured out on their own. Instead,
they have seen it done and learned to copy it. Oppor-
tunities to use this trick are few, but it is interesting
enough to see at least once.

Example

Evaluate J e'sin(x) dx.

Solution

The first letter of LIPET that we reach is E because
there are neither logarithms nor polynomials, so let
u = ¢ and dv = sin(x)dx.

u=¢

du = €'dx
And:

dv = sin(x)dx
v = —cos(x)




And now evaluate as follows.

fe‘sin(x)dx = Judv
Ie‘sin(x)dx = uy — Jvdu

J esin(x)dx =

e(—cos(x)) — J(-—cos(x))- e dx
Ie‘sin(x)dx = —¢cos(x) + Je‘cos(x)dx

To evaluate J e"cos(x) dx , we use integration by parts

again:

u=¢

du = e'dx

And:

dv = cos(x)dx

v = sin(x)

And then the evaluation:

Je‘sin(x)dx = —e'cos(x) + j e“cos(x) dx
[e"sin(x)dx = —éfcos(x) + J udv

Jésin(x)dx = —¢'cos(x) + uv — Jvdu

INTEGRATION BY PARTS

J esin(x) dx =

—ecos(x) + €sin(x) — Jsin(x)- €dx

J e'sin(x)dx =
—écos(x) + ésin(x) — Ie"sin(x)dx

Here is the moment of despair: To evaluate

J e'sin(x)dx, we need to be able to evaluate

Je"sin(x) dx! And yet, the trick here is to bring both

integrals to one side of the equation:

Je"sin(x)dx + Jé‘sin(x) dx =

—é'cos(x) + €sin(x)

ijsin(x)dx = —¢'cos(x) + €sin(x)

j e'sin(x)dx = %(—e"cos(x) + €'sin(x)) + ¢




INTEGRATION BY PARTS

» Practice 12, dex
Evaluate the following integrals using integration by
parts, substitution, or basic integration. 13. [ *Vx — 1dx
1. Jfln(x)dx
14. J xe” *dx
2. | xsin(x)dx
I 15. J\/J_dn(x)dx
3. stm(xz)dx . fln(x)
P
4. J(x + 3)cos(x)dx )
17. J;dx
5 J ln(x)
x 18. J( — 1)cos(x)dx
6. szsm(x)dx )
19, J%dx
7. | (« + sin(x))dx
J 20. Jsm (x)V cos(x) dx
8. Jff“dx
21. J'sm(x) + In(cos(x)) dx
9. sze"dx
22, Je"cos(x)dx
10. J(f + 3x — l)ln(x)dx
11. J' + In(x))dx




